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HERMITIAN REPRESENTATIONS OF THE 
EXTENDED AFFINE LIE ALGEBRA oQCg) 


Yun Gao 1 and Ziting Zeng 

Dedicated, to Professor Kyoji Saito on the occasion of his sixtieth birthday 
Abstract. 

We use the idea of free fields to obtain highest weight representations for the extended 
affine Lie algebra ghfCq) coordinatized by the quantum torus C q and go on to construct 
a contravariant hermitian form. We further give a necessary and sufficient condition such 
that the contravariant hermitian form is positive definite. 


§0. Introduction. 

Extended affine Lie algebras are a higher dimensional generalization of affine Kac- 
Moody Lie algebras introduced in [H-KT], Even earlier than this Saito in [S] developed 
the notion of extended affine root systems in the study of singularity theory. It turns out 
that the non-isotropic root systems of extended affine Lie algebras are precisely Saito’s 
extended affine root systems. Those Lie algebras and root systems have been further 
studied in [AABGP], [BGK] and [ABGP], and among others. There are extended affine 
Lie algebras which allow not only Laurent polynomial algebra as coordinate algebra 
but also quantum torus (even a nonassociative torus) depending on the type of Lie 
algebra. The representations for extended affine Lie algebras and their cousins—toroidal 
Lie algebras have been studied widely in the past two decades. 

In the representation theory of Lie algebras with a triangular decomposition, the 
existence of a highest weight vector and unitarizability are two fundamental assumptions. 
Let us first recall some definitions (see [JK1]). Suppose that g is a complex Lie algebra. 
Let U (g) be its universal enveloping algebra. Let B be a subalgebra of g (called a Borel 
subalgebra) and u be an antilinear anti-involution of g such that 

(0.1) B + u{B) = $. 

1 The author gratefully acknowledges the grant support from the Natural Sciences and Engineering 
Research Council of Canada. 
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Let A : B —> C be a 1-dimensional representation of B. A representation n : 0 —> g[(TA) 
is called a highest weight representation with highest weight A if there exists a vector 
V\ G V with the following properties: 

(0.2) vr (U(d))vx = V , 

(0.3) Tr(b)v\ — X(b)v\ for any b G B 

A hermitian form (•, •) on V such that 

(0.4) (v x ,v x ) = l 

(0.5) (-7T (a)u,v) — (u,7i(uj(a))v) for all a G g, and u, v G V 

is called contravariant. One can show that, under some natural conditions, for any highest 
weight A : B —> C there exists a unique highest weight representation with a nondegen¬ 
erate contravariant hermitian form. As pointed out in [JK1], the 11011 -trivial problem is 
then whether this contravariant hermitian form is positive definite(the representation tt 
is thus unitarizable). 

The free fields construction was first given by Wakimoto [W2] for the affine Lie algebra 
sL and in a great generality by Feigin and Frenkel [FF] for the affine Lie algebras sf„. 
The book [EFK] gave a detailed treatment for the free fields construction of the affine 
Lie algebra sL. 

In this paper we use the idea of free fields to give a new class of highest weight repre¬ 
sentations of the extended affine Lie algebra g[ 2 (C y ) with respect to some natural Borel 
subalgebra, where <C q is the quantum torus (or the algebraic version of the irrational 
rotation algebra in the non-commutative geometry). This class of representations de¬ 
pends on an infinite family X of elements of SL 2 (C) and one complex parameter //. and is 
realized on the commutative polynomial algebra V = C[x( mjn ) : (m, n) G Z 2 ] in terms of 
the Weyl algebra W — C [x( m n \, — : (m, n) E Z 2 ] twisted by an action of the family 

X of elements of SL 2 (C). This is the main result which is stated in Theorem 2.12. It 
may be noteworthy to point out that this realization involves operators which are cubic 
on standard generators of the twisted Weyl algebra. The construction of these repre¬ 
sentations is motivated by Wakimoto’s works in particular the unpublished manuscript 
[Wl] where he considered the Lie algebra sl 2 (C[s ±1 , t ±:L ]). Our Theorem 3.6 provides a 

contravariant hermitian form for the gl 2 (C g )-module. To find out a necessary and suffi¬ 
cient condition for the contravariant hermitian form being positive definite (see Theorem 
4.8), we employ the techniques developed by Jakobsen-Kac [JK2], 

Throughout this paper, we denote the field of complex numbers, real numbers and the 
ring of integers by C, M and 7L respectively. 
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§1. Extended affine Lie algebras. 

Let q be a non-zero complex number. A quantum 2-t-orus associated to q (see [M]) 
is the unital associative C-algebra ( or, simply C q ) with generators s^ 1 ,^ 1 

and relations 

(1.1) ss -1 = s -1 s = tt~ x = t~ 1 t = 1 and ts — qst. 

Then we have 


( 1 . 2 ) 


(s n “t n ‘)(s m H m ) = q 


7117712 


5 mi+m 2 j?ii+7i2 


and 


(1.3) 


C, = © m ,„ €Z C s m t n . 


Dehne k : C q —> C to be a C-linear function given by 
(1-4) K(s m t n ) = <5( m ,n),( 0,0) 

Let d s , dt be the degree operators on C q defined by 

(1.5) d a (s m t n ) = ms m t n , dt(s m r) = ns m t n 
for m, n G Z. 

For the associative algebra C g over C, we have the matrix algebra M 2 (C q ) with entries 
from C q . We will write A(x) G M 2 ( C q ) for A e M 2 (C) and x G C q , where A{x) = 
( ciijX ) G M 2 (Cq) if A — ( a,ij) G M 2 (C). Let gl 2 (C 9 ) be the Lie algebra associated to 
M 2 (C q ) as usual. The Lie algebra gI 2 (C ? ) has a nondegenerate invariant form given by 

(1.6) (A(a), B(b)) — tr(AB)n(ab) : for A, B G M 2 (C), a, b G C q . 

We form a natural central extension of gt 2 (C 9 ) as follows. 

(1.7) {jSOCJ = g[ 2 (C ? )©Cc s ©Cc t 
with Lie bracket 

[A(s mi l ni ),5(s m2 l n2 )] 

=A(s mi t ni )B(s m2 t n2 ) - B(s m2 t n2 )A(s mi t ni ) 

+ tr(AB)K((d s s rni t ni )s rn2 t n2 )c 8 + tr(AB)K{(dts rni t ni )s m2 t n2 )ct 
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for mi, m 2 , ni, n 2 G Z, A, B G M 2 (C), where c s and q are central elements of gl 2 (C g ). 
The derivations d s and d t can be extended to derivations on g[ 2 (C q ). Now we can 

define the semi-direct product of the Lie algebra gl 2 (C g ) and those derivations: 

(1.9) gl 2 (C q )=gl 2 (C q )®Cd s ®Cd t . 

Next we extend the nondegenerate form on gf 2 (C g ) to a symmetric bilinear form on 
g[ 2 (C f/ ) as follows: 

(1.10) (A(a),B(b)) = tr(AB)n(ab ), (c s , d s ) = (c t , d t ) = 1, 

all others are zero, for A, B G M 2 (C), a,b G C g . 

Then g( 2 (C g ) is an extended affine Lie algebra of type A\ with nullity 2. (See [AABGP] 
and [BGK] for definitions). 

Let Eij be the matrix whose (i,j)-entry is 1 and 0 elsewhere. Then, in fll 2 (C g ), we 
have 

( 1 . 11 ) 

[E ij (8 m H n '),E kl (8 m *t n *)] 

=5 jk q nim2 E i i(s rni+m2 t ni+n2 ) - Suq n2rni E kj (s rni+rn2 t ni+n2 ) 

T 71~biq SjkSuS rni -\- r n 2 ,0^ni+n2,OCs T Tliq ( 5jfc ( 5ii ( 5mi-|-m2,0^ni+n2,0G 

for mi, m 2 , rt\, n 2 G Z. 

The extended affine Lie algebra g[ n (C ? ) for n > 2 has been studied in [BGT], [BS], 
[E], [Gl, 2, 3], [G-KK], [VV], and among others. 


§2. Representations for gl 2 (C g ). 

In this section, we will construct gl 2 (C 9 )-modules by using Wakimoto’s free fields [Wl, 
\\ 2 . Let 

(2.1) V = C[aj( m>n ) : (m, n) G Z 2 ] 

be the (commutative) polynomial ring of infinitely many variables. The operators xr mn \ 
and ~— act on V as the usual multiplication and differentiation operators respectively. 

Given a family X = {X m ^ n \ (m,n) G Z 2 } of 2 x 2 lower triangular matrices, where 


X 


771,71 - 




0 

4 


G SL 2 (C) 



for (m, n) G Z 2 (so a (m>n )d( m>n ) = 1), we set 


( 2 . 2 ) 

(2.3) 


Pa = a a 


d 


dx A 


d 


Qa — cat: - 1 - dAXA 

ox A 


for A = (m, n) G Z 2 . It is easy to see the following formula holds true. 


(2.4) x A = ciaQa ~ c a Pa- 

Lemma 2.5. For A, B,C E Z 2 , we have 

[Pa, Pb\ — 0 , [Qa, Qb] — 0 , [Pa, Qb] — 8a,b- 


For a fixed /i G C. define the following operators on V: 


( 2 . 6 ) 


(2.7) 

( 2 . 8 ) 


(2.9) 


ei 2 (mi,ni) = -q min QiP { _ mi _ ni) 


E 
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ni m , +nmi +nm/ 


Q (m+m'+mi ,n+n'+f*i ) P(m,n ) P(m' ,n') 


(m,n)eZ 2 
(m , ,n , )e Z 2 


C2l(^'l)^'l) Q(mi,ni) 

Cll{nii,ni) ^ ^ O' Q(m+rni,n+ni)P(rn,n) ,m),(0,0) 

(m,n)eZ 2 


622(^1, ^l) ^ ^ Q Q (rn-\-rni,n-\-ni)P(m,n) 4“ n^(mi,ni),(0, 


0 ) 


(m,n)EZ 2 


(2.10) 

*= E 

rnQP(rn,n) 


(m,n)EZ 


(2.11) 

d 2 = E 

XtQ ( m,n ) P(m,n) 


(m,n)€Z 


for TOi,ni G Z. Although en(mi, ni), 622 (^ 1 , ^ 1 ), ei 2 (rai, ni), .Di and D 2 are infinite 
sums, they are well-defined as operators on V7 
Now we can state our first result. 
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Theorem 2.12. The linear map tix,^ '■ 0^2 ^ End V given by 


7 \ x ^{E i j{s rni t ni )) = eij(m i,ni), 

nx^ids) = E> 1 , TTx,n(d t ) = D 2 , 1 r x , M (c s ) = 7r x , M (c t ) = 0, 

/or mi,ni € Z, 1 < i,/ < 2, zs a Lze algebra homomorphism. 

Proof. Since the parameter q is involved in our construction (2.6) through (2.9), we shall 
handle the verifications in a few more details. 

The following three identities are straightforward. 


[e 1 i(m 1 ,n 1 ),e 22 (m 2 ,n 2 )] 

E {n' +n2)m\+m' n 2 p 

q ^(m / +m2+mi ,n'+n2+ni)-* (m',n') 

(m',n')€Z 2 

+ q nm ^ m + m ^Q { 

m+mi +rri2 ,n+ni +ri2 ) E(m,n) 


(m,n) 6 Z 2 


— 0 ; 


[eii(mi,ni),e 2 i(m2,n 2 )] 

= - q n2rni Q( rni + rn2 ,n 1 +n 2 ) = ~q n2mi e 2 i{m 1 + m 2: n 1 +n 2 ); 
[e 22 (mi,ni),e 21 (m 2 ,n 2 )] 

=q m2ni Q {rni+rn2tni+n2) = q m2ni e 21 (mi +m 2 ,n 1 +n 2 ). 


[e 1 i(m 1 ,n 1 ),e 11 (m 2 ,n 2 )] 

E (n'+n2)m 1 +n'm.2p ) p 

H ^(m' +m2+m,i ,n'+n,2+ni ) 1 ( m',n') 

(m',n')eZ 2 

E nm 1 + (n+n 1 )m 2 p ) p 

H ^ (m+mi+m 2 ,n+ni+ri 2 ) ± ( m,n) 

(m,n) 6 Z 2 


— — q n 2rni 


1 


{- 5Z ^ ( mi+m2 ) ( 5(m'+m 1 +m2,n'+n 1 +n 2 )- P (m',n') 

(m',n')€Z 2 


2 A t ^(mi+m2,ni+n 2 ),(0,0)} 

1 nim 2 r_ \ ^ „ri(mi+m 2 )/0 p _ jj, s: l 

1 y t / , y V(m+mi+m2,n+ni +n 2 ) r (m,n) 2 h w (mi+m2,ni+n 2 ),(0,0) / 

(m,n)eZ 2 

= - g" 2mi en(rni + m 2 , ni + n 2 ) + g nim2 en(rni + m 2 , n x + n 2 ); 
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Similarly to the above case, one can check that 
[e22{m 1 ,n 1 ),e 22 (m 2 ,n 2 )\ 

=q nim 2 e 2 2(m 1 + m 2 ,n 1 + n 2 ) - q n 2 rni e 22 (mi + m 2 ,ni + n 2 ). 


[eii(mi,n 1 ),ei 2 (m2,n 2 )] 

_ lirj —m2ri2 \ A n nrni \D p p 1 

H jf d / J j W(m+mi,n+ni)^(m,n)^(-m2,-n 2 )J 

(m,n)GZ 2 

i // i / , /_// 

^nmi-\-ri2m +77 7772+77 m 

(m, 77 )€Z 2 
( m' ,n / )6Z 2 
(m ,77 )£Z 

[Q(m+mi ,77+771) P(rn,n) 5 Q(rn r -\-m"-\-rn2 ,n'+n' / +n2)-f > (m / ,n') P(rn" ,77")] 

_ _ // ^ _m 2 n 2 + (—^1 n 2 )mi p 

t 11 ! 1 ( — mi— 777-2 ,—ni—77,2) 

// I / I / // 


I \ ^ (77 / +77 // +772)r77l+77 2 m // +77 / m2+77 / m // p) D P 

1 / v Q ^(rn'+rn''-\-rn2-\-rni,n'-\-n''-\-ri2-\-rii)-L(rn',n')-L(rn'',n'') 


(m / ,77 / )£Z 2 
„ // n ^n\ r .r 77 e 2 , 


(rn ,77 // )gZ^ 

E nmi+n 2 m ,, + (n+ni)m 2 + (n+ni)m"-o p p 

H ^(m+m"+777-1+777-2,77- + 7T/'+77-1+77-2 )■* (777,77) 1 (m" ,Tl" ) 

(m,77)£Z 2 
(m ,77 )£Z 

E nmi+n 2 (m+mi)+n / m 2 +n , (m+mi)p> p p 

H ^(m'+m + mi+m 2 , 77 / + 77 + 77 i+ 772 )- i (m', 77')- 1 (m, 77 ) 

( 777 / ,tt/)£Z 2 

(m,77)£Z 2 

_ _ ///7 -m 2 772 + (-77l-77 2 )mi p 

H A 1 1 (—mi — m 2 ,— 77 i — 772 ) 

E 77 m 1 + 77 2 rn" + ( 77+771 )rn 2 + ( 77+771 )m" r\ p p 

d ^(m+m // +mi+m2,77+77 // +?7i+772)- z (m,77)( m",n") 

(m, 77 )GZ 2 
(m ,77 )£Z 

(the second and the fourth terms are negative to each other) 

_ n 1 m 2 (_ /( „-(mi+m 2 )(ni+n 2 ) p 

V 7 (—mi — m 2 ,—77i — 77 2 ) 

E nmi+n 2 m"+nm 2 + (n+ni)m"-o p p \ 

v ^(m+m // +mi+m2,77+77 // +77i+772)- i (m,n)( m",n")) 

(m,n)€:7j 2 
(rn n ,77 // )gZ 2 

=+ im 2 ei 2 (mi + m 2 , ni + n 2 ); 

In a similar way, one may obtain that 

[e 22 (mi,ni),ei 2 (m 2 ,n 2 )] = -+ 2 mi e 2 i(mi +m 2 ,n! + n 2 ). 
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[ei2(mi,ni),e 2 i(TO2,n 2 )] 

= - g _mini //[-P(_m 1 ,- ni ),Q( m2 ,n 2 )] 

E n 1 m.'+nm 1 +nm' [s~\ P P O 1 

y [V(ra+m'+mi,n+n'+m) r (m,n) r (m'n')) ^(m 2 ,n 2 )J 

(m,n)eZ 2 
(m' ,n')(zZ 2 

3 f — m i — 


( —mi, —ni),(m2 ,n 2 )" r 1 


nim 2 +nmi+nm 2 


Q (m+m 2 +mi ,n+n 2 +ni)-f > (m,n) 


E 

(m,n) £Z 2 

E nim'+n^mi+n^m/fQ p 

y (m'+m 2 +rai ,n'+n 2 +ni) (m'n') 

(m',n')€Z 2 


„tiim2 (■_ \ ^ (mi+m 2 )n/i p _ ^ .r \ 

y \ / / y V(m+m 2 +mi ,n+n 2 +ni)- r (m,n) g r lu (— m i ni ),( m 2,'«2) / 

(m,n) £Z 2 

( X] g( ni+rl2 ) m ( 5 (m'+m. 2 +mi,n'+n 2 +ni)-P(m'n') + —mi,-ni),(m 2 ,n 2 )) 


n 2 mi , 


(m',n') 6 Z 2 

=y nim 2 en(mi + m 2 ,ni + ?i 2 ) -y n 2 mi e 22 (mi + m 2 ,ni +n 2 ). 


Next we shall handle the most complicated situation. 


[ei 2 (mi,ni),ei 2 (m 2 ,n 2 )] 


^ ' qHim' 


-j-nrni~\-rirn' -\-ri2rn' -\-nrn2-\-r1rn' 


(m,n)G^ 2 

(m,n)G ^ 2 
(rh' ,n ) £Z 2 


[Q(m+m'+mi ,nH-rz/+?7.i) P(m,n)P(m f n f ) i Q (m+m'+m 2 ,nH-n'+n 2 )-P(m,n)-^ > (m',n / )] 

1 mpni) f . \ ^ ~n 2 m , +nm 2 +nm / r p /O p p 1 

1 Q H' / j H LM-mi,-ni ) 7 V(m+m / +m 2 ,n+n / +n 2 )- r (m,n)- r (m / ,n / )J 


y (—minp) #/ E ^n^m'-\-nm2-\-nm' \ 

(m,n)eZ 2 
(m' ,n')(E Z 2 

(—m 2 n 2 ) (J ^ ^ ^ > n 2 m'+nm 2 +nm / 


y 


+ g v -'/i 

~-J\ + J2 — -J.i — J\ + + ./(; 


[Q(m+m'+mi ,n+n'+m) P(m,n) ,n') ? m 2 n 2 )] 


(m,n)GZ 2 

(m / ,n / )G ^ 2 



where 


Tl \(TTI + TTI 7 + 771 2 )+ 717711 +7l(771+7?l / +7712) +712 771 / +717712 +71771 / 


j i= E v 

(m,n)£Zj 2 
(m,n)GZ 2 
( 771 7 ,n 7 )GZ 2 

Q (771+777+771' +7712 +771l ,71 + 77 + 77'+712 +711) -^(771,7l) ^{rh,fl) -^(777' ,71' ) 
j 2 = X] gTli T71 7 + (t1 + 71 7 +712 )7711 + (t 1 + 71 7 +712 )Til 7 +712 T71 7 + 77771 2 + 77Til 7 

(771 7 .71 7 ) G^ 2 

( 777 , 77 ) G^ 2 
( 777 7 , 77 /) G^ 2 

Q (771+771'+771 / +771 2 + 7711 ,77+Ti' +7l' +712 +711 ) -^(777/ ,7l' ) -^(777',77-') 

J 3= E qTI± 771 7 + 71 7711 + Tim 7 +712 (tTI+TTI 7 +7711 ) +717712 +7l(771 + 771 7 +7711 ) 

( 771 . 71 ) G^ 2 
( 777 , 77 ) G^ 2 

(771 7 .71 7 ) GZ 2 

Q (777+771 + 771'+7712+7711 ,77+71+Tl'+712+711 ) -^(777,77) -^(m,7l) ^(m' ,7l' ) 

J 4 = E qU \ m! +717711 +717T1 7 +712 771 7 + (t1 + 71 7 +71i ) 7712 + (71 + 71 7 +T1i )?77 / 

(771 7 .71 7 ) G^ 2 

( 777 . 71 ) G^ 2 
(777 7 ,77 7 )GZ 2 

Q (TTI+TTI'+777'+7712+7711 ,71+7l'+7l'+712+711 ) P(fh' ,77-') -P(771,7l) -^(777/ ,7l' ) 

7 _ 7711 711 \ ^ 7l2( —Till—7712—771 + 717712+7l( —Till—7712—77l)) 

^5 — ^ H* / J H 

( 777 , 71 ) G^ 2 

-^( — TTli—7712—771, —Til—712—7l)-^(771,77) 


j 6 =E 9 

(Til 7 ,71 7 )G^ 2 


Til 771 7 + ( — Til —712 — 71 7 )771 i + ( —Til—712 


-^( — TTli—7712—77l',—Til—712—7l')-^(m',7l') 


Note that Ji = J4, J2 = J3 and J5 = — J6- Thus 


[ei 2 (mi,ni),ei2(m2,n 2 )] = 0. 

It is clear that [e2i(mi, rii), e2i(m 2 , n 2 )] = 0 . Next we check the identities involving 
Z 7 i and E>2. 

It is obvious that the following identities hold. 


[Di,D 2 ] = 0, [Hi,e 2 i(mi,ni)] =mie 2 i(mi,ni). 
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[Di,e 12 (mi,ni)\ 

Q M ^ ^ (m,n)P(rn,n) i mi,— tii)] 


(m,n)^7r 


E 


mg 


[Q( 771 , 71 )-P(m,n) 5 Q(m / +m // +mi ,n / +n // +ni)-^ > (m / ,n / )-f > (r 


(tti,7i)eZ 2 

(m / ,n / )E^ 2 
(771 ,71 )E^ 


g min X-mi)P ( _ mi _ ni) 

(m r + m" + mi)g 


(m / ,n / )E^ 2 

/_// ^n\ / -r 77 2 

(771 ,71 )E^ 


mg 


Q ,n / H-n"+ni) P(m f t n f ) P(m" ,n") 

nim"+nmi+nm' / n p p 

^ (m+m // +mi , 71 + 71 "+ 711 ) ( 771 , 71 ) ■*-(rn" , 71 ") 


+ E 

(m,n)eS 2 
(m ,n )E^ 

1 \ ^ nira+n'rai+n'rap) p p 

1 / ,,Lf d ^(m'+771+771 i,n'H-n+ni )- f ^(m / ,n / )- f ^(m,n) 

(tti / ,ti / )eZ 2 
(771,71) E^ 2 

- m x q- mini iiP^ mi _ ni) 


— mi q 

(t 71 / , 71 / )EZ 2 

(77l,7l)EZ 2 


711 771 + 77/ 7711+77/ 771 


Q (T71 / +771 + 7711 ,7l'+71 + 711 ) ^(jn' ,7l' ) P(m ,7l) 


[£>i,en(mi,ni)] 

) ^ ITiq [Q(m,n)P(m,n) j Q(m'+mi ,n'+«i) P(m',n')] 

(m,n) £Z 2 
(m',n')eZ 2 

^ ^ (TTI Trti)^ Q(m'+mi,n'+ni)P(m , ,n') 

(m/,n') 6 Z 2 

+ E TOQ Q(m+mi,n+ni)P(m,n) 

(m,n) £Z 2 

-®l( ^ ^ Tl~iq Q(m+mi,n+ni)P(m,n ) 2 ^( m i,ni),(0,0)) T7lien (77li, Til), 

(m,n) £Z 2 
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Similarly to the above case, one lias 


[D i,e 2 2(mi,ni)] = m 1 e 2 2{.m 1 , m). 

Replacing D\ by I) 2 in the above proof, one can show that 

[D- 2 -, e 2 \{m\, n\)\ = nie 2 i(mi,ni), [D 2 ,e 11 (m ll n 1 )] = rnen(mi, m), 

[D 2 , e 2 2 {m ll n 1 )] = n 1 e 22 {m 1 , m), [T> 2 , ei 2 (m!, m)] = 

Therefore by comparing with (1.11) we see that the linear map ttjqj, is indeed a Lie 
algebra homomorphism. □ 

§3. Hermitian forms. 

Here we shall unify the hermitian forms independently studied by Wakimoto [Wl] and 
Jakobsen-Kac [JK2], 

Define u> : 0 l 2 (C 9 ) e-> g[ 2 (C ? ) a M-linear map as the following: 

(3.1) uj(\x) = Aw(a:),VA G C, x G gl 2 (C g ) 

(3.2) uj(Eij(a)) = (-1 ) i+ T jI (a),aG C q 

(3.3) w(d s ) = d s , uj(d t ) = d t , u(c s ) = c s , u;(c*) = c t 

where M—linear map - : C q —> C q is defined as A s rn t n = \t~ n s~ rn = Xq rnn s~ rn t ~ n , and A 
is the complex conjugate, for any A G C, and m, n G Z. 

In the following sections, we always assume that qq = 1 (or |g| = 1). This assumption 
will guarantee that the map - is of order two. 

Lemma 3.4. u is an anti-linear anti-involution of gl 2 ( C q ). 

Proof. Since 

(3.5) u(E i:i {s m t n )) = (-l) i+ iq mn E ji (s- m t- n ), 

we have 

cv 2 (E rj (s m t n )) = u{{-iy + iq mn E Ti {s- m t- n )) 

= (-l) ,+ 3 f n (-l) i+J g mTl £ i 3 (A n ) = 

so c j 2 = id. We only need to check u([a, b]) = [u(b),uj(a)], for any a, b G g[ 2 (C ? ). 
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[u(E i:i (s m H^)),u(E kl (s m H n2 ))] 

-^_lji+^ m l n l+ m 2 n 2+ m 2 n l ( J. i ^. fc ^-( m l+ m 2)^ _ ( n l+ n 2)j 
_ ^_l)Wg m i n i+ m 2 n 2 +mm 2 ^ (mi+m 2 )j-(m+n 2 )^ 

^ ? m 1 n 1 +m 2 n 2 +m 2 n lmi5 . fe5 .^ ni+n2 ^ mi+m2;0Cs 

„ 9 mini+m 2 n2+m 2 ni ni ^ fc5ij5ni+n2i0< Jmi +m2) oC t 

Thus 

w([£;ij(5 mi t ni ),^ fc i(s m2 t n2 )]) 

=^ 2ni 5 ifc w(^ iI (s mi+m2 r i+n2 )) -g min2 <J i ia;(^ fci (5 mi+m2 t ni+n2 )) 

TTOiQ 1 8jk&il^mi +m 2 ,0^ni +n 2 ,0^(Cg) T TllQ ^jfc^iZ ( ^mi+m 2 , 0 ^ni+n 2 , 0 ^’(ct) 

= (_iy+*g mini + m 2 n 2+ m l n 2( 5 j k E[ fs~ (mi+m 2 )j —(m+n 2 j 

_ ^_|ji+^grnini+m 2 n2+m 2 ni^^^ s -(mi+m2)j-(ni+n2)| 

I ™ „mmi+m 2 n 2 +m 2 ni r r r r „ 

T m\C[ OjkOilO mi -|-m 2 ,0^ni +n 2 ,CTs 

+ nig m i n i +m 2 n 2+ m 2 n i 5 . fc(5 .^r ni+m2j o5 ni+n2j oC t 
= - [w(^j(s mi t ni )),a;(S w (s m2 t n2 ))] = [a;(^ w (« m2 ^ 2 ))^(^(s mi t ni ))]. 

As for identities involving d s and dt, we have 

[a;(d s ),cu(^( S m r))] = [d S) (-iy +i g rnn ^( S - m t- n )] - -(-iy+ l m^ n ^( S - m f- n ) 

u;([d s ,£y(s m t n )]) = u(mE i j(s m t n )) = (-1 ) i+J rn ? mn E ji (r m r n ) 

Hence we get [cu(d s ), a;(^j(s m t n ))] = a>(— [d s , Eij(s m t n )]). Similarly, 

[u^MEiAs™^))] = u(-[d u E i:j (s m t n )]) 

The other cases are trivial and so the proof is completed. □ 

Theorem 3.6. Assume that g is a real number. Then there exists a contravariant, with 
respect to irx,n and u, hermitian form (-, •) on V so that 


(3.7) 


(vr x,n(a).f,g) = (f,n x ,^{a)).g) 


for every f,g eV, a G 0l 2 (C 9 ). 


12 



Proof. Since V is a polynomial algebra, it is sufficient to define the form on a pair of 
monomials in the variables xr mjn \, (m, n) G Z 2 . Given a monomial 


(3.8) 


/ 


n 

(m,n)£Z 2 


A(m,n) 

(m,n) 


whose degree in xt m ^ n \ is positive, where G Z + 1J{0} and only finitely many 

~f~ 0, denote by /r^x the unique monomial such that 

(3-9) f = X(m,n)f(^y 

Denote by deg / the total degree of /. 

Now we define a hermitian form (/, g) on V inductively on the degree of /. Since a 
hermitian form requires (/, g) = (g. /), we only need to dehne (/, g) with deg(g) ^ deg(f). 
We set 

(3.10) (1,1) = 1, 

(3-11) 1) = 0, 

(3.12) (^(m,n) 5 *£(Z,fc)) ®(m,n)h(m,n),(Z,fc) - 

Fix a positive integer TV and assume that the form is defined for all monomials /, g 
such that deg(g), deg(f) ^ TV — 1 and satisfies 

(3.13) (■ nxAE 2 i(s m t n )).f,g) = (f,n x ^(u;(E 21 (s m t n ))).g) 

with deg(g) ^ TV — 2, deg(f) ^ TV — 1. It is easy to see that (3.13) holds true when deg 
/, deg g < 1. Take / with deg(f) = TV, and choose (m,n) G Z 2 such that the degree of 
/ hi X( m>n ) > 1. 

Observe that 

/ = x (m,n) /p!T~n) = a (ra,n)Q(m,n)/(^P) ~ c (m,n)^(m,n)/(^f) 

by (2.4). Since Q( m , n ) — tt x,n(E 2 i(s m t n )) this can be written as 
(3-14) / a (rn,n) 7 hV,ju(-E' 2 l (s t ))/p^~Jp — c (m, n )^ > (rn,n)/^~^ 

Suppose first that deg g < N. Then set 

^Dn)’ 7V X,fi{ l ^{E 2 l(s t ))g) — C( m , n )(P(rn, n ) f d) ■ 

13 


(3.15) (f,g)‘= «(m,n)(/ ( 



Note that all terms here are defined by induction and (3.13) holds. 

Suppose now that deg g — N. The first term in (3.15) still makes sense as deg 
7i x ^(uj{E2i(s rn t n ))g < deg g. On the other hand, (g, P( m ,n)fppy) is defined by (3.15) 
as deg P(rn,n)fr^~n) < deg < N- Then the last term is also defined by applying 

the same formula to g and P(m,n)fppp an d using the fact that the form is hermitian. 

We have to show (3.15) is well-defined, which means that the right-hand side of (3.15) 
is independent of the choice of (m,n). Namely, we need to show that if > 1, 

A d, fc) > 1 and (m, n) ^ (/, k), we have 

(3.16) a (m,n) ^ e 12( — c (m,n){P(rn,n)f ppyi 

= a (i,k){f(pry ~q lk e 12 (-l, ~k) .g) - c (l)fc) (Pp, fe) , g). 

Since 

= a (l,k) e 2l{l, k)-f(ppy(ykj ~ C(l,k)P(l,k)fppyjpp, 

substituting to the left-hand side of (3.16), we obtain 
(3.18) 

LHS of (3.16) 

-«(m,n)(«p, fc) e 21 (/, fc)./ ( —- c (i,k)P(l,k)fppypXy “^02 (~m, -n).g) 

- C(m,n) {.P(m,n) (®(i,fc)^21 (^> ^)-/(^T)p(fe) ~~ C (l,k)P(l,k) /(^T)p(fe)) ’ d) 

=«(m,n)ap,fe)(e 2 i(z, - 9 ?nn ei 2 (-m, -n).#) 

- a (m ,n)Cp,fe)(Pp, fe )/ ( —-g mn ei 2 (-rn, -n).#) 

C(m,n) a (l,k) {P(m,n ) e 21 (^5 &)'/pT(n)(T(fc) ’ 

+ c (m,n) c (Z,fc) ( P(m,n ) -P(Z,fc) /( Pppyk) ’ S) 

= a (m, n ) a (iMf{PpyyXr M W 2 H, -/c).(-l)g mn ei 2 (-m, -n).#) 

- a (m,n) c (l,k)( e 2l(lTli n)P(l,k) /pn(n)p)fe) ’ ^ 

C(m,n) a (l,k){P(m,n) e 2 l(^j &)'^(m(n)(T)fc)’ ^ 

+ c (m,n) c (l,k)(P(m,n)P(l,k)fppy-ppji9) 


Exchanging (m, n) and (/, /c) in (3.18) and noting that /) 
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i)(l,k) f(l,k)(r 


, we get 



the right-hand side of (3.16): 


(3.19) RHS of (3.16) 

=a(z,fc) a (m,n)(/ ( — 5 ^, g mn ei 2 (-m, -n).g' fc e 12 (-p, -g).g) 

a (Z,fc) c (m,n) ( e 2l(^> d) 

~ c (l,k) a (m,n)(P(l,k) e 2 l( TO ; 9) 

Since [ei 2 (—m, — n), ei 2 (— l, — k)] — [P(m,n), P(i,k)\ — 0, subtracting (3.18) from (3.19) 
we have 


(3.19) - (3.18) 

= — a (l,k) c (m,n){[Q(l,k)i P(rn,n)]-f(£^(p^i9) 

~ C {l,k) a (m,n){[P(l,k)i Q(m,n)]-f ’ d) 

= fi(l,k),(m,n){ a (l,k) c (m,n) ~ c (l,k) a (m,n))(fd) 

=0 

Hence (3.16) holds true and (3.15) is well-defined. So we obtained a form on V, and 
the form satisfies (3.13) for any f,g e V. 

Since (3.13) holds and i? 22 (x) is a linear combination of E\\{x) and [E^x'), -E' 2 i( a^ // )], 
in order to prove that the form we defined is contravariant it remains to check 

(3.20) (t T X ,n(d s ).f,g) = {f,TT X ,»(uj(d s )).g), 

(3.21) (t T X ,p(dt).f,g) = {f,nx,v(v(d t )).g), 

(3.22) (7rx, M (i?ii( S m r))./,<?) = (/, ftx, t i{x){Eii(s rn t n ))).g). 

We do this by using induction on the degree of / and g. 

First we have 


(tta>(4).1, 1) = ( 1 ,7T X , M Md s )).l) = 0, 

(.ds) **E(m,n) > 1 ) 0 > ^X,/j,(ds) - 1 ) 5 

(^s) *^(Z,fc)) ^(*^(m,n) j *^(Z,fc)) 

(^(m,n) 5 7Tx,//(^(^s)).2'(Z,fc)) 


for (m, n), (/, k) e Z 2 . 
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Assuming for any deg(g) A deg(f) ^ N — 1, we have 

(tt.y ,p(ds)-f,g) = {f^x,^{d s )).g). 

According to (3.14) or (2.4), 

(3-23) f n )621 (m, ?T.) ./l C(m,n)P(m,n)^ 

where h — and deg(h) — N — 1, together with the assumption, then 

(tt x ,Ms)-f,g) 

®(m,n) (D 1 T 21 (^j ^)) A, < 7 ) C(m,n) (DiP(m,n) h, g) 

=a( min) (e 2 i{m,n)D 1 .h+ [D 1 ,e 21 (m,n)\.h, g) - C( m ,n)(P(m, n )h, D 1 .g) 

=a (m,n) {Di-h, -q mn e l 2 (-m, -n).g) + 0 ( m>n) (me 2 i(m, n).h, #) 

— c (m,n )(^( m,n) Di-<?) 

=a(m,n)(^, ~q mn Di e i 2 {—m : —n).g) + a (mjn) m(h, -g (mn) ei 2 (-?n, -«,).#) 

— c (m,n )(^( m,n) •h , i Di.g) 

=a( m ,n)(h, —q rnn (ei 2 (—m, -n)D 1 + [Dr, e 12 (-m, -n)]).flr) 

+ a{m, n )m{h , -g (mn) ei 2 (-?n, -n).#) - c (mjn) (P (mjn) .h, Di-fif) 

=a(m,n)(/i, -q mn ei 2 (-m, —n)Di.g) + a( m>n) (/i, +mg mn ei 2 (-?n, -n).#) 

+ a( m} n)m{h, -q (mn) e 12 (-m, -n).g) - c (mjn )(P (mjn ).h, Di-fif) 

®(m,n) (^-21 (^ , ? n) .h, Di. g') m,n )0P( m,n) Did?) 

= (/> D\.g) = (/, Tr x ,fj,(d s ).g). 

Therefore (3.20) holds true and so does (3.21). 

As for (3.22) we first have 

(7Tx, M (Pn(s^ fc )).l, 1) = fc),(o,o) = (lAy^w^n^))).!), 

(’rA-,A t (Di 1 (5 l t fc )).x m>n , 1 ) = 0 = (x m , n , 7Tx, A *(a;(Dii(s l t fc ))).l). 

Secondly, 

ijtx,n (Pi 1 (s P) ) ’^(mi ,m)) ^(tri2 ,ri2)) 

q ^(mi,ni)d(m 1 +i,n 1 +A;) (^■(m 1 +i,n 1 +fc), *^(m2,n2)) 2 A*^(i,fe),( 0 , 0 ) (®(mi ,ni) > ®(m2,ri2)) 

q ®(rni,ni)®(m2,ri2)^(iT>i+!,ni+fc),(m2,)i2) ^I®(m2,n2 )|Vfy,fc),( 0 , 0 )£( m 1 ,n 1 ),(m 2 ,n 2 ) 
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and 


(*£(rni ,ni)i ^X,^i (ct^-E-n (s f '))) - *£(7772,772)) 


Q ' 2 ^(m 2 ,n 2 )d(rn 2 —l,n 2 — fc) (®(mi,ni) , x (m 2 —l,n 2 —k) ) 

? q fc'fc( — l, — fc),(0,0) { x (mi ,ni) , x (m 2 ,n 2 )) 


Q 1 a (mi,m) a, (m 2 , 77,2)^^(7771+;,ni+fe),(m2,n 2 ) q | 0 (t 77 2 , 772 ) I A*' d(l,k),(0,0)^(mi,ni),(m 2 ,n 2 ) 


yields 


(-Ell (s t ) ) • Xq rrll , ni ), ^"( 7772 , 772 )) (^(mi , 711 ) 5 ^X,n (w(£/n (s i ) )) - *£( 7772 , 772 )) 


l+k\ 


Now assume for any deg(g ) ^ deg(f) ^ N — 1, we have 

^xAEn(s m t n )).f,g) = (f,ir x „(u,(Eu(s m t n )))-g)- 

According to (3.23), we have 
(ttx.mOEii («***))•/, 0 ) 

0 (t 77 ,77) (®H (Z, fc )®21 (TO, ^ ) •h'l o) ^(777,77) (®H (Z, m,n) fc, fj) 

=a ( m,n) ( e 2i (to, n)en (Z, fc) .fc, g) + a (m>n ) ([e n (i, fc) , e 2 i (to, n)] .fc, g) 

0(777,77) { P ( m , n ) -fc, 9 ®ll( fc)-flO 

=a ( m,n)(eii(/, fc)-fc, ? mn e 12 (—to, -n)g) + a (m)n )(-g n, e 2 i(m + l,n + k).h,g ) 

0(777,77) { P ( m , n ) -fc, Q ®ll( fc)-flO 

=0(777,77)(fc, q mn q lk en(-l, —fc)e i 2 (—m, -n).g) 

+ 0 ( 777 , 77 )(/i, -r^ (m+ 0 (n+fe) ei 2 (-TO - Z, -n - k).g) 

0(777,77)(■^(777,77)• fc, q 0n( Z, fc)-fiO 
=0( m ,77) (fc, q mn+lk e 12 (-m, -n)e n (-Z, -fc).g) 

+ 0 ( m , n )(fc, g mn+ife [en(-Z, -fc), e i 2 (-m, -n)].g) 

+ a (m , n) (fc, q—nlg(m+l)(n+k) g 12 ( 77^ - Z, -n - fc).g) 

0(777,77) (fc*( 777 ,77)-fc, g Oll( Z, fc)g) 

= 0 ( 777 , 77 )(e 2 i (to, n).fc, g zfc e n (-/, -fc). 5 ) + a (m;n) (fc, q mn+lk q km e 12 (-to - l,-n-k).g) 

+ 0 ( 777 , 7 i)(fc, -q mn+lk+rnk e 12 (-m k).g ) - c (mjn) (P (mjn) fc, g /fc en(-Z, -fc)g) 

= 0 ( 777 , 77 ) (e 2 i ( to , n).fc, q lk eu(-l, - k).g ) - c {rn ,n){P(m,n)-h , g* fc e n (-Z, -fc)g) 

= (/,g' fe e n (-Z,-fc)g) = {f ^x^iEn^sh^.g) 
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Hence (3.22) is also true and the form is indeed a contravariant hermitian form on 
V. □ 

§4. Conditions for unitarity. 

It is important to have the contravariant hermitian form on V to be positive definite 
so that the underlying module is unitarizable. 

^From the definition of our contravariant form in Theorem 3.6, we see that 

( x (m,n)i 1 ) ® (m ,n) { x (m ,n) •> Q ^ 12 ( ^)-l) C(m,n)(.P(m,n)- x (rn,n)i 1 ) 

Thus the hermitian form on different degrees can be 11011 -zero. It is therefore difficult 
to determine when the hermitian form is positive definite. For this we use another base 
of V as in [JK2] rather than the natural monomial base of V. We further work out the 
necessary and sufficient conditions for the unitarity. We shall follow the approach in 
[JK2]. 

Definition 4.1. If the hermitian form is positive definite, nx,n is said to be unitarizable 
(w.r.t u). 

Here we simplify nx^{Eij{r)).v as Eij{r).v , for any v G V, r G C q . 

Lemma 4.2. The elements E 2 i(ri)E 2 i(r 2 )...E 21 (rj t ).l, where k G Z + lj{0}, r* = s rrii t rii , 
i = 1 ...n, mi , ni G Z forms a basis for V. Moreover, if f is a monomial of degree N, then 
f can be written as a linear combination of E 2 i(ri)E 2 i(r 2 )...E 2 i(rk)-l with k < N. 

Proof. Prove by induction on the degree of /. It is obvious true for deg f = 0, i.e f — 1. 

If degf — 1, / = = E 2 i(s m t n ).l. Now we assume that / is a monomial whose 

degree in is positive, then 

/ = x (m,n) = a (m,n)-E '21 (« t ~ C( m , n )-P(m,n)/ 

here degfr^~~: — N — 1. The induction proves our claim. 

Hence E 2 i(ri)E 2 i(r 2 )...E 2 i(r k ).l, k G M + |J{0},ri = s mi t ni ,i = l...n,m;,n; G Z 
spans V over C. Note that the elements E 2 i(ri)E 2 i(r 2 )...E 2 i(rk).l are independent of 
the order in which the operators are applied. 

Since the leading term of E 2 i(ri)E 21 (r 2 )...E 2 i(rk).l is nt=i x {mi,m)i we know that 


^2i(ri)^2i(r 2 )...^2i(r fc ).l 


form a base for V with k ranges in {0,1, 2, 3, • • • , } and r % ranges in {s m t n : m,n G Z}. □ 
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It immediately follows from Lemma 4.2 that V is generated as a g[ 2 (C ? )-module by 
1 , and 

(4.3) Q ^)-l = -^«(oi)-l + \^(a 3 ).l 

for any ai, 02,03 G C q , here n(a) is defined as in (1.4). The subalgebra 
13 = {( _ ") : di,fl 2 ,(i 3 € } © Cc s © Cc t © C d s © Cdt 

u O 3 

is a Borel subalgebra of 0 l 2 (C g ) in the sense of (0.1). 

Hence we have 

Proposition 4.4. V is a highest weight module of highest weight X : B —* C, where X is 
defined as follows. 

M q 1 “*) = -^k(«i) + \t^{a 3 ), 

A(c a ) = A(c t ) = A (d s ) = X(dt) = 0 
and 1 is the highest weight vector. 

Let * G N, 7 = ( 71 , ..., 7 s) be the s-partition of i. Denote by Par s (i ) the set of all 
partitions 7 = ( 71 , ..., 7 s) of i with s parts. 

Given 7 G Par s (N), we say that x 7 r 2 G Sn x Sn is equivalent to 717 x 7 r 2 G Sn x Sn, 
here Sn is the permutation group of N letters, if for all 27 , ...zn,w 1 , ...,wn G C q , 

■■■ l ^{ Z Tr[('Y 1 + ...y s - 1 + l)' w n ! 2 (71+ .. .+7 s _i + 1) • • - z tt [ (N) W ir ' 2 (N) ) 

can be obtained from the analogous expression for 717 x 7 T 2 by a permutation of the s 
factors «(•••) and/or by cyclic permutation of the variables(e.g. k( 27 7/7 271^2 £ 3 ^ 3 ) — 
k(z 3 W 3 Z 1 W 1 Z2W 2 )). 

The set of equivalence classes is denoted by [Sn x Sn] ( 7 ). The following result was 
due to Jakobsen-Kac [JK2], 

Lemma 4.5. Let 27 , 27 , ■■zn , wi, W 2 , ..wn G C 9 [s ±:L , t ±:L ] 

(4.6) 

/ 0 7 w 0 Z 2 \ /0 zn w 0 0 w 0 0 \ / 0 0 \ 

l 0 0^0 O'"' 1 '!) 0 0^w 2 0 >"^w N 0' 

N 

~ ^ ^ ^ ^ ( — l) 7 ( — d) K ( Z n 1 (l) w n 2 (l)--- Z Tr 1 ('y 1 ) w n2('n)) 

s=l 'yePar 3 (N) [7Ti X7r 2 ]e(Sjv xSjv)(7) 

.( —I ) 7 ( — d)l^ J { z ^ip 1 J rl)W-K 2 Lli + l) ••• (72)^772(72))• 

•••( — l) 7 ( A0 K (©ri (71+ ...7 S _ 1+1)^772 (71+ ...+7s-i + l) '■ -©ri(AT) W 7r 2 (N) ) -1 
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We shall call k the level of the element E 2 i{r\) ■ ■ ■ E 2 i(rk)-1 E V. where k E Z + lj{0}, 
ri = s m T ni , i — 1 ...n, rrii, rii E Z. 

Proposition 4.7. (i) The hermitian form on different level is 0. 

(ii) Let h be an element of level n. Then ( h , h) is a polynomial in p with the leading 
term c(h)p n for some constant c(h ) > 0 . 

Proof. Since 


0 


(!>( 

= ^0 0 


°)(° 

' n z 2 


Z\ 0 

0 Wi.(° 


VC 


0 


2:2 0 


VC 


q)- 1 ) 

> = ° 


then WLOG, assume s > t, 


(( 


0 

Zl 



0 

2^2 


=(i,(-i)*(° 

=(i,(-i)*(° 

- 0 . 


°)-(° 

6s 


0 


°) 1 ( 0 °)( 0 °) ( 0 

)■ ’V ri o n r 2 0 h " y r t 


0 


0 


0 

0 


0 


)(n V)-( 


)( 


0 0 
0 zfZf 
0 0 


)...( 


0 

zT\ / 0 


)-l) 


)( u °)(° °)...(° 

0 >\ ri 0 ’ y r 2 0 ' y r t 


Zs—r 

0 


0 r "^n O' 

n n 

0 M r 2 0 r " y r t 0 ^ 

)c.l) ( according to Lemma 4.5 here c E C) 


This proves (i). 

Let h = E 2 i{~zP)E 21 {z N - 1 )...E 21 fz{), h! = E 21 (wi)E 21 (w 2 )...E 21 (w N ), where zf = 
s mi t n i,Wi — s li t ri , then according to Lemma 4.5, 


(MO 

N 

( _ 1 ) • y ^ y ^ y ^ ( h j ) K { z n 1 (i)w n 2 ^iy..z 7 ri ^ 1 )w 7T2 ^ 1 )') 

S=1 76 P ar s (N) [n 1 X'rr 2 ]e(S N xS N )('y) 

.( —I) 7 ( _ h)l^{Zn 1 ('Y 1 + l)W 7T2 ('Y 1 + l )... ^1.(72)^71-2(72)). 

•••( 1 )^ ( Z Tri(~/i + ...y s -i + l) W TT2(yi + --.+'fs-i+l) ■■■ Z Tr 1 (N) u, n 2 (N)) 


is a polynomial P of /i, whose coefficients depends on h and h!. 

If degP — N, then there exists at least a 7 t E Sn, such that k (zjuvp)) ^ 0, that is 

^ 0 , hence zf = w n(i) for 

any 1 < i < N. So if h = h', the coefficient of /i n is the number of such elements 7 T, 
otherwise it equals zero. Hence with Lemma 4.2, we proved (ii). □ 


Next we prove the unitarity of the hermitian form. 
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Theorem 4.8. (7 Tx,^, V) is unitarizable if and only if n > 0 
Proof. Since 

({ s m t n g)- 1 ) = A^m-J,0<5 n -fc,0> 

for any m, n G N, then if V) is unitarizable, // > 0. 

Let Wi = s rni t ni ,Zj = t~ lj s~ kj , for i,j — 1 then 

lx(ziWiZ2W2...Z r W r ) 

S~ k 1 S mi t ni t~ 1,2 S~ k2 s m2 f n2 t~ lr s~ kr s mr^n r \ 

Q fci +mi — k 2 -\-m ,2 — — k r -\-m r ,0^—l i+m — £ 2 +^ 2 - • •• — l r +n r ,0 


where a = (-ki + + (.— k 2 + m 2 ){—li + ^ 1 — h) + ••• + {~K + m r )(—li + ni — 

fed 

by 


/ 2 + n 2 — ... — l r -1 + n r -i — l r ). Consider the linear transformation T ab of C q determined 


T b{s Cl t dl S C2 t d2 S Ck t dk ) = s Cl + a i dl + & s C2 + a i d 2+ & s c k+aj-d k +b 
(a, b G Z). Extend this operator to a linear operatorT^ on V by 

2^[( 0 g )( 0 g )...( 0 g ). l ] = ( r 0 g ) ( rr, ^ 0 g )- l , 

0 /v r 2 O' k r t O' K T ajb n 0 /v T a , & r 2 0' v T a , & r t 0' 

for ri,...rt G Cg[s ±:L , t ±:L ]. 

Let Zi = T^ a _ b (zi),Wj = T a b {wj), then 

K,(ziWiZ2W2---Z r in r ) 

— l< .(j.—li — b s — k 1 — a s mi+ a ^n 1 +b^—l2 — b s — k 2 — a s r n 2+ a ^n2+b l r — b s — k r —a s m r +a^.n r +b ^ 

Q d—ki -fnii — &2 +m ,2 — _— fc r +m r ,0^—Zi +m — ^2 +?t -2 — • • • — l r -\-n r ,0 


where 


a —(—ki — a + mi + a)(—l i — b) + (—k 2 — a + m 2 + a )(—/1 — b + ni + b — / 2 — 6) + ... 
+ (—k r — a + m r + a) 

(— li — b tl\ -\- b — l 2 — b -\- tl2 ~\~ b — ... — k — i — b -\- n r —i -\ - b — l r — 6 ) 

={—ki + mi)(-li) + (—fc 2 + m 2 )(-/i + ni - l 2 ) + ... 

+ (—k r + m r )( 1 1 + ni — / 2 + n 2 — ... — k — i + n 1 —j — / r ) 

— b(—ki + mi — k2 + m 2 — ... — k r + m r ), 
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so K(ziWiZ 2 ^---z r u\.) — n(ziWiZ 2 W 2 ---z r w r ). It then follows from Lemma 4.2 that T a ^ 
preserves the hermitian form on V. 

We need to prove positivity at all levels as the hermitian form on different levels are 
zero. 

Since T a j, preserves the hermitian form on V, we may then assume that h r in level r 
only involves elements s mi t ni with rn-i A 0, n?. A 0. Denote 

L?(M, N) — Span{ ( g rf^ni oM s 4"- l ))' 1 

r r 

| mi A 0, n t A 0, ^2 m i = X! ni = 

i=1 i=1 

From the above discussions, we know that the hermitian form restricted to every level 
should be positive definite for /i big enough. Assume that the form is not positive definite 
for some ( possible all ) /i > 0. Let sq be the lowest level at which there is non-unitarity. 
It is clear that sq > 1. So there exist M,N such that the form restricted to L+ (M, N) 
is not positive definite. Following (4.7), the form on L+(M, N) varies smoothly with /i, 
then we can find a /Uo ( we can think it is the first place going from oo towards 0 ) at 
which the form is not positive definite, while for all /i > p,o, the form is positive definite. 
We write (., .) M to be the hermitian form at /r. 

Claim. The radical of the form is non-trivial at no- 

At first for all h! G L+(M, N ), (hh h')^ 0 > 0. Otherwise, there exists h G L+ (M, N) 
such that (h, h)^ 0 < 0. From (4.7), the form varies smoothly with /r, and ( h , h) M > 0 if 
/i —> oo, then there exist // > Hq such that (h, h)^ — 0 , this contradicts with the fact 
that for all /r > /j 0 , the form is positive definite. 

Since the form is positive semi-definite but not positive definite at /r 0 , the radical of 
the form must be non-trivial. Thus, 

30 ± h G L+(M, N),\/h G L+ (M, N ) such that (h, h), Mi = 0. 

Let h So -1 be an arbitrary element of N ), and let c G C, then 

((q S)M So -iU-0. 


/From the assumption of so, we have ( = 0, for any c G C. Replacing h by 

T_ mj _ n (/i) if necessary, we can write 
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where Xi — ^ n) (here is the finite sum), and each Vij is the form of s l t k 

J ' V i,j t) ' 

(here l, k can not both be 0 ). 

Let io be the smallest i, 1 < i < sq such that cii 0 ^ 0. It follows that 


(q q )h = f3a io (° 1 [j) ? ° 1 x io .l + R = 0 


where R contains 


0 0 


ins a power of ( ^ ) greater than i 0 — 1 . Observe that 


,0 c x /0 0 \20 /U VJ\ 20 /^ C \ . /U VJ\lO “1 / C u \ 

W O'U O'* M O'* W O'* W —c 


0 0 N. io / 0 c 

1 O'* W 0 

,*o(o 1) / 0 0\*o—i 

o v i o ) 


0 Oxin-l/C 0 


+ ( - 2 c)- 


1 0 


(this can be easily proved by induction on io). 

Since 

(q _° c )^ 0 - 1 = ® i 0 (o ^,)- 1 + (- 2 c )( s 0 -* o )® i ,» 

we have 


(3 = c(-i 0 no + i 0 (-2)(s 0 - i 0 )) + (-c)i 0 (i 0 - 1) = ci 0 (-/x 0 - (s 0 - *o) - («o - !))• 

0 c ~ 

Since «o = *o = 1 and /io > 0, (3 ^ 0 which contradicts with ( )/i = 0. 

So for any /j, > 0, the hermitian form is positive definite. □ 
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